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response calculations of „hyper …polarizabilities and excitation energies
Myrta Grüning, Oleg V. Gritsenko, Stan J. A. van Gisbergen, and Evert Jan Baerends
Afdeling Theoretische Chemie, Vrije Universiteit, De Boelelaan 1083, 1081 HV Amsterdam, The Netherlands
~Received 10 January 2002; accepted 13 March 2002!
It is well known that shape corrections have to be applied to the local-density~LDA ! and
generalized gradient~GGA! approximations to the Kohn–Sham exchange–correlation potential in
order to obtain reliable response properties in time dependent density functional theory calculations.
Here we demonstrate that it is an oversimplified view that these shape corrections concern primarily
the asymptotic part of the potential, and that they affect only Rydberg type transitions. The
performance is assessed of two shape-corrected Kohn–Sham potentials, the gradient-regulated
asymptotic connection procedure applied to the Becke–Perdew potential~BP–GRAC! and the
statistical averaging of~model! orbital potentials~SAOP!, versus LDA and GGA potentials, in
molecular response calculations of the static average polarizabilitya, the Cauchy coefficientS24 ,
and the static average hyperpolarizabilityb. The nature of the distortions of the LDA/GGA
potentials is highlighted and it is shown that they introduce many spurious excited states at too low
energy which may mix with valence excited states, resulting in wrong excited state compositions.
They also lead to wrong oscillator strengths and thus to a wrong spectral structure of properties like
the polarizability. LDA, Becke–Lee–Yang–Parr~BLYP!, and Becke–Perdew ~BP!
characteristically underestimate contributions toa and S24 from bound Rydberg-type states and
overestimate those from the continuum. Cancellation of the errors in these contributions
occasionally produces fortuitously good results. The distortions of the LDA, BLYP, and BP spectra
are related to the deficiencies of the LDA/GGA potentials in both the bulk and outer molecular
regions. In contrast, both SAOP and BP-GRAC potentials produce high quality polarizabilities for
21 molecules and also reliable Cauchy moments and hyperpolarizabilities for the selected
molecules. The analysis for the N2 molecule shows, that both SAOP and BP–GRAC yield reliable
energiesv i and oscillator strengthsf i of individual excitations, so that they reproduce well the









































The importance of shape corrections to the LDA/GG
Kohn–Sham~KS! potentials, consisting of asymptotic co
rection to yield21/r behavior, as well as correction in th
bulk molecular region, to set, e.g., the HOMO level at t
first IP, for the calculation of response properties has b
recognized1 and has been demonstrated with various no
model exchange–correlation~xc! potentials for the~fre-
quency dependent! dipole and quadrupole polarizabilities i
Ref. 2, and for a range of response properties including
citation energies in Refs. 3–8. A common feature of the s
cessful new potentials is their effectively more attract
character @with respect to the long-range asymptoti
vxc(`)# in the bulk and outer valence regions compared
the standard potentials of the local density approximat
~LDA ! and generalized gradient approximations~GGAs!.
This feature is illustrated with Fig. 1 where the xc potenti
constructed by statistical averaging of~model! orbital poten-
tials ~SAOP!7,9,10 and by gradient-regulated asymptotic co
nection procedure8 applied to the GGA Becke–Perdew x
potential11,12 ~BP–GRAC! are plotted along the main axis o
the molecule N2 . They are compared with the LDA potentia
and with the uncorrected BP potential. Both SAOP and B
GRAC potentials are shifted downward in the bulk valen9590021-9606/2002/116(22)/9591/11/$19.00









region by~roughly! a constant compared to the LDA and B
ones. Note, that in the BP–GRAC case this shift is explic
introduced in the GRAC procedure~see the next section fo
the methodical details!. In the outer region both SAOP an
BP–GRAC potentials have the Coulombic asymptot
21/r , while the LDA potential decays exponentially and th
BP potential decays as2c/r 2.
These features of the new potentials bring a substan
improvement compared to the standard approximations
the energy gapsD« ia5«a2« i between the occupied valenc
c i and the unoccupiedca KS orbitals. The correct Coulom
bic asymptotics of the improved potentials leads to a rela
stabilization of bound Rydberg-type states compared to
LDA/GGA potentials. This stabilization is however small
than the downshift of the occupied orbitals due to the dow
shift of the SAOP and BP–GRAC potentials in the molecu
region. Therefore, for higher-lying bound unoccupi
Rydberg-type orbitalsca the energy differencesD« ia are
substantially increased. This is important for the excitat
spectra calculated with TDDFT, sinceD« ia serve in this
theory as the zero order estimates of excitation energies
addition, the correct Coulombic asymptotics of the improv
potentials leads to an improved spatial extent of bou
Rydberg-type states, which will affect the transition dipo1 © 2002 American Institute of Physics
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Downmatrix elements. We stress that the new potentials, as we
the older van Leeuwen–Baerends one,1 are not only asymp-
totically corrected, but the shape correction in the molecu
region is at least as important. If the unoccupied orbitalca is
a low-lying one which has its amplitude mostly in the sam
region as the HOMO, it will be downshifted by about th
same amount, so we do not expect a large change in
excitation energies to such an orbital. These effects of
new potentials appear to be essential~see the analysis in Sec
IV ! for the correct description of both the excitation energ
and of other characteristics of the excitations such as t
composition in terms of contributing orbital excitations a
their relative contributions to the calculated polarizabilitie
Both SAOP and GRAC potentials have been tested s
cessfully in TDDFT calculations of excitation spectra
small prototype systems and they have been also applie
more complex systems. Recently, for example, the SA
potential has been applied successfully to calculation of
citation spectra of transition metal tetrapyrroles and of z
phthalocyanine,13,14 and to calculation of polarizability and
absorption spectra of alkali metal clusters.15 Reliable results
have been obtained with the BP–GRAC potential for
response properties of furan homologues.16 These results cor
roborate the conclusion5,17 that the calculated response pro
erties of compact systems depends mainly on the qualit
the approximate xc potentialvxc and they do not depen
strongly on the approximation for the xc kernelsf xc describ-
ing the spatial change and time evolution ofvxc in response
to a changing external potential. This allows to approxim
f xc with the static derivatives of the LDA~adiabatic LDA,
ALDA ! or GGA potentials, thus neglecting the frequen
dependence and the spatial nonlocality of these kernels.
In this paper the performance of the SAOP and B
GRAC potentials is assessed in TDDFT calculations of
static average polarizabilitya of 21 light molecules and also
FIG. 1. The SAOP and BP–GRAC xc potentials are plotted along the m
axis for the N2 molecule. LDA and BP xc potentials are also plotted f
















in calculations of the related properties such as the an
tropy of a, the Cauchy coefficientS24 and the hyperpolar-
izability b. In Sec. II the methodical and computational d
tails are given. In Sec. III the results of the SAOP and B
GRAC molecular response calculations are compared w
those of LDA and GGAs~BP and Becke–Lee–Yang–Pa
~BLYP!11,18approximations! as well as with the experimenta
data. SAOP, BP–GRAC, and BP yield polarizabilities of
similar good quality and they substantially improve up
LDA and BLYP. Furthermore, SAOP and BP–GRAC pe
form definitely better than either BP or LDA and BLYP i
calculation of theS24 Cauchy coefficients and, especially,
calculation of the hyperpolarizabilitiesb. In Sec. IV the
analysis of contributions from individual excitations toa and
S24 is performed for the case of the N2 molecule, for which
the corresponding experimental data are available. W
SAOP and BP–GRAC reproduce very well the spect
structure ofa and S24 , LDA, BLYP, and BP considerably
distort it, so that a good quality of the total BPa values
appears to be the result of an error cancellation. The dis
tions of the LDA/GGA spectra are related to the deficie
form of the corresponding potentials in both bulk and ou
regions. Finally, conclusions are drawn in Sec. V.
II. COMPUTATIONAL DETAILS
The SAOP xc potentialvxc
SAOPis constructed according to
Refs. 7, 9, and 10 as the statistical average over the occu










of the model orbital potentialsvxci











between the modified potentialvxc
LBa of van Leeuwen and
Baerends~LB!,1 which has the proper Coulombic asympto
ics 21/r , and the potentialvxc
GLLB of Gritsenko, van Leeu-
wen, van Lenthe, and Baerends~GLLB!,19 which correctly
reproduces the atomic shell structure in the inner regio
With, ~2.1!, ~2.2! vxc
SAOP provides a balanced approximatio
to the KS potentialvxc in all regions.
The BP–GRAC potentialvxc
BP–GRAC is obtained accord-
ing to Ref. 8 with a seamless connection
vxc
BP–GRAC~r !5@12 f ~x!#vxc
BP~r !
1 f ~x!@vxc
LB~r !1~ I p1«N!# ~2.3!
between the BP potentialvxc
BP in the bulk region and the LB
potentialvxc
LB at the asymptotics, the latter being shifted u
ward by the constant (I p1«N) where I p is the first vertical
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DownTABLE I. First ionization potential: for BP–GRAC the experimental value~expt.! given as input, for SAOP and BP, respectively,2«N
SAOP and2«N
BP; err.
is the difference between SAOP/BP and GRAC~experimental! values.
SAOP Err. BP Err. BLYP Err. LDA Err. Expt.
CS2 10.72 0.65 6.86 23.21 6.58 23.49 6.89 23.18 10.07
H2S 10.25 20.21 6.37 24.09 6.12 24.34 6.36 24.1 10.46
C2H4 10.94 0.43 6.78 23.73 6.53 23.98 6.9 23.61 10.51
PH3 10.53 20.06 6.78 23.09 6.56 23.31 6.73 23.14 10.59
NH3 10.7 20.1 6.26 24.54 6.08 24.72 6.25 24.55 10.8
OCS 11.76 0.58 7.54 23.64 7.28 23.9 7.6 23.58 11.18
Cl2 11.65 0.17 7.37 24.11 7.15 24.33 7.4 24.08 11.48
C2H6 12.52 0.52 8.22 23.78 8.06 23.94 8.11 23.89 12
SiH4 12.49 0.19 8.63 23.67 8.44 23.86 8.53 23.77 12.3
SO2 12.85 0.5 8.14 24.21 7.97 24.38 8.23 24.12 12.35
H2O 12.36 20.26 7.35 25.27 7.21 25.41 7.4 25.22 12.62
HCl 12.42 20.32 8.11 24.63 7.89 24.85 8.13 24.61 12.74
N2O 13.48 0.59 8.49 24.4 8.29 24.6 8.62 24.27 12.89
CH4 13.9 0.3 9.55 24.05 9.37 24.23 9.46 24.14 13.6
CO2 14.36 0.58 9.14 24.64 8.95 24.83 9.28 24.5 13.78
CO 13.74 20.27 9.14 24.87 9 25.01 9.11 24.9 14.01
H2 14.8 20.63 10.5 24.93 10.39 25.04 10.26 25.17 15.43
N2 15.28 20.3 10.39 25.19 10.26 25.32 10.41 25.17 15.58
SF6 16.22 0.52 10.07 25.63 9.93 25.77 10.23 25.47 15.7
F2 15.69 20.01 9.52 26.18 9.44 26.26 9.62 26.08 15.7
HF 15.6 20.43 9.74 26.29 9.62 26.41 9.81 26.22 16.03
Av. 0.12 24.52 24.70 24.50
















n-wherex is the standard dimensionless density-gradient ar
ment x(r )5u¹r(r )u/r4/3(r ), a50.5, b540. Note, that the
potential ~2.3! with the positive asymptoticsvxc(`)5I p
1«N is equivalent to the potentialvxc
BP–GRAC(r )2(I p1«N)
with the zero asymptotic~here the shift is applied to the tota
potential!, sincevxc is defined only up to an arbitrary con
stant. In fact, this latter potential is presented in Fig. 1, by
construction,~2.3!, ~2.4! it has the form ofvxc
BP in the bulk
region and the proper Coulombic asymptotics21/r , due to
its LB component. The ionization potentialsI p required for
calculation ofvxc
BP–GRAC are taken from the experiment an
they are presented in Table I.
The RESPONSEmodule of the Amsterdam Density Fun
tional program ~ADF2000.02 modified/developmen
version!20–23 has been used to perform TDDFT calculatio
of molecular response properties24 with the SAOP, BP–
GRAC, LDA, and GGA potentials and with the ALDA x
kernel. We used the even tempered~ET! basis sets25,26 of
Slater-type orbitals~STOs! consisting of the 1s, 2p, 3d,...
functions with the orbital exponentsZ5abi , i 51,...,n, b
51.7. Table II presents the numbern of 1s, 2p, 3d, and 4f
functions for each atom and thea values for the most diffuse
functions. These ET basis sets were selected monitoring
quality of results with the number of diffuse functions add
to standard ET basis sets. To avoid numerical problems,
ear combinations of atomic orbitals have been removed f
the basis sets, for which the linear dependence due to
addition of a large number of diffuse functions was detect
The results obtained with the present basis appear to be c
to the basis set limit.
The calculated average static polarizabilitya and hyper-
polarizabilityb are given by~the indicesab... label the Car-




















The components of the dipole polarizabilityaab and hyper-
polarizability babc tensors can be defined through an expa
sion of the dipole momentma into different orders of the
external fieldsEb
TABLE II. Even-tempered basis set for the H, C, O, F, Si, P, S, Cl atoms~in
parentheses the numbern of 1s, 2p, 3d, and 4f ! with the orbital exponent
Z5ab i , i 51,...,n, b51.7. The value ofa for the most diffuse 1s, 2p,
3d, and 4f for each atom is indicated.
Atom 1s 2p 3d 4f
H(7s5p4d) 0.057 513 0.156 109 0.239 461
C(9s7p5d4f ) 0.078 929 0.108 203 0.202 024 0.395 110
N(9s7p5d4f ) 0.092 674 0.124 531 0.202 024 0.395 110
O(9s7p5d44f) 0.106 588 0.140 372 0.183 658 0.359 191
F(11s7p5d4f ) 0.042 280 0.157 918 0.183 658 0.359 191
Si(11s9p7d4f ) 0.067 811 0.070 834 0.123 252 0.227 488
P(11s9p7d4f ) 0.071 779 0.075 893 0.133 816 0.239 461
S(11s9p7d4f ) 0.076 097 0.082 302 0.147 902 0.251 434
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Downloaded 20 Mar 2011TABLE III. Static isotropic polarizabilitiesa ~in a.u.!.
SAOP BP–GRAC BP BLYP LDA Expt.
H2 5.63 5.34 5.55 5.78 5.91 5.43
HF 5.40 5.71 6.10 6.47 6.23 5.60
F2 8.08 8.47 8.75 9.13 8.87 8.38
H2O 9.45 9.80 10.33 10.95 10.60 9.6
N2 11.82 11.78 12.06 12.55 12.28 11.7
CO 13.01 13.07 13.38 13.95 13.71 13.0
NH3 14.21 14.53 15.11 15.94 15.57 14.5
CH4 17.32 17.03 17.07 17.67 17.71 17.2
HCl 17.99 17.62 18.11 19.13 18.63 17.3
CO2 16.79 17.39 17.48 18.17 17.74 17.5
N2O 19.07 19.60 19.70 20.45 19.96 19.7
H2S 25.72 25.10 25.65 27.03 26.50 24.7
SO2 24.98 25.69 25.82 26.89 26.20 25.6
C2H4 28.09 28.14 28.14 29.31 28.88 27.7
C2H6 29.87 29.54 29.45 30.42 30.46 29.6
SF6 29.00 31.06 31.38 32.27 31.96 30.0
Cl2 31.56 31.15 31.35 32.74 32.00 30.3
PH3 31.62 30.75 31.05 32.36 32.27 30.9
SiH4 32.71 32.02 32.00 32.86 33.69 31.9
OCS 34.18 34.49 34.37 35.83 34.92 33.7
CS2 56.50 55.98 55.39 57.75 56.28 55.2
Av.% 0.07 0.69 2.40 6.86 5.16





















The S24 Cauchy coefficient relates to the frequency disp




The Cauchy coefficientsS22k are calculated from all oscil
lator strengthsf i , weighted by an even power of the excit




22kf i . ~2.10!
TheS22 coefficient is equal to the average static polarizab
ity a while theS0 coefficient should be equal to the numb
of electrons in the basis set limit. to 130.37.129.78. Redistribution subject to AIP licens-
-
III. RESULTS OF MOLECULAR RESPONSE
CALCULATIONS
A key feature of the SAOP potential mentioned in t
Introduction, its more attractive character compared to
LDA and GGA potentials, is illustrated with Table I wher
the corresponding energies«N of the highest occupied mo
lecular orbital~HOMO! are compared with the first VIPI p .
Note, that the rigorous KS theory requires«N52I p for po-
tentials with the zero asymptoticsvxc(`)50. The LDA and
GGA 2«N values are substantially smaller thanI p , with the
BLYP energies being, as a rule, the smallest ones. The
error in the fourth column of Table I is, actually, the dow
ward shift 2(I p1«N) in the bulk region~with respect to
vxc
BP! of the GRAC-corrected potentialvxc
BP–GRAC(r )2(I p
1«N) presented in Fig. 1. Its average value for the cons






TABLE IV. Anisotropy of static polarizabilityDa ~in a.u.!.
SAOP BP–GRAC BP BLYP LDA Expt.
H2O 0.84 0.43 0.07 0.18 0.04 0.67
H2S 0.13 0.42 1.08 1.70 1.17 0.6
HF 1.20 1.09 0.96 0.92 0.93 1.33
HCl 1.80 1.48 1.21 1.01 1.18 1.51
NH3 1.10 1.94 2.67 3.15 2.83 1.94
CO 3.32 3.40 3.42 3.45 3.29 3.5
N2 4.78 4.69 4.74 4.78 4.67 4.59
C2H4 12.40 11.78 11.61 11.60 11.88 11.4
SO2 11.95 12.61 12.57 12.81 12.55 13.0
CO2 12.63 13.20 13.24 13.39 13.35 13.8
Cl2 16.77 16.41 16.35 16.49 16.44 17.5
Av.%: 29.55 29.67 24.78 6.47 23.70
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Downloaded 20 Mar 2011TABLE V. S24 Cauchy moments~a.u.!.
SAOP BP–GRAC BP BLYP LDA Expt.
HF 11.74 13.01 17.08 20.32 17.88 14.4
F2 16.29 17.59 20.01 22.48 20.39 17.16
a
N2 30.48 30.20 32.99 36.92 34.50 30.11
H2O 33.00 36.05 45.66 55.03 48.82 35.4
CO 48.71 48.84 53.30 59.38 57.47 48.2
CO2 44.67 48.94 50.22 55.96 51.96 50.99
CH4 63.61 62.69 63.93 71.22 69.48 62.41
HCl 74.22 71.50 80.93 96.11 87.02 67.12
NH3 67.70 74.23 91.03 109.79 97.83 71.4
Cl2 133.84 133.39 138.65 159.51 145.84 125.8
H2S 150.31 145.00 161.94 193.58 176.04 138.3
SiH4 189.42 183.71 185.3 202.1 206.78 178.4
PH3 211.59 201.68 212.53 243.30 232.06 189.8
Av.%: 20.05 1.78 13.55 30.93 21.21
Abs.%: 7.34 3.88 13.79 30.93 21.21






































tive character of the SAOP potential, its2«N values are
much larger than LDA and GGA ones and they are rat
close toI p . The corresponding SAOP average error is o
0.39 eV. Note, that the same average error of;0.4 eV has
been reported in Ref. 27 where the SAOP energies2« i have
been used to estimate not only the first, but also other
lence ionization potentialsI i for 64 molecules.
Table III compares the average static polarizabilit
~2.5! of 21 small molecules at the experimental geometry28,29
calculated with SAOP, BP–GRAC and the standard LD
and GGA ~BP, BLYP! potentials with the experimental
values~expt.!.30–36 The molecules in Table III are placed i
the order of increasing polarizability. LDA systematical
overestimatesa, it has the same average of the relativea
2aexp) and absoluteua2aexpu errors, which amount to 5%
The performance of GGA appears to depend substantiall
the type of functional. BLYP produces worsea values with
the larger average error of 7%. On the other hand, BP s
stantially improves upon LDA, with the average absolu
error being reduced to 2.6%. Both BP–GRAC and SA
definitely improve further upon BP for molecules wi
smaller polarizabilities at the top of Table III~the only ex-
ception is the SAOPa value for H2 , which is slightly worse
than the BP one!. For molecules with larger polarizabilitie
the trend is not so uniform. The BP–GRAC average abso
error is further reduced to 1.2%, while the SAOP produ
almost the same error of 2.5% as BP. Compared to o
potentials, SAOP has the much smaller averagerror of
only 0.07%. This means that, while LDA and GGAs tend










and its a values are distributed around the experimen
ones. Table IV presents the anisotropies~2.7! of the static
polarizabilities of 11 molecules. One can see from Table
that LDA, BLYP, and BP yield similar anisotropies. BP
GRAC improves upon BP, especially for the molecules H2O
and H2S with small anisotropies, while the results of SAO
for this quantity are somewhat worse than the BP–GR
ones.
Table V presents theS24 Cauchy coefficients~2.10! for
13 molecules. As in the case of polarizabilities, LDA syste
atically overestimates theS24 coefficient with an average
relative uS24u error of 21% and BLYP increases further th
error. On the other hand, BP improves upon LDA and the
error is reduced to 14%. Both BP–GRAC and SAOP de
nitely improve further upon BP, in particular, the BP–GRA
S24 values are better than the BP ones in all cases ex
CO2. This brings both SAOP and BP–GRACuS24u errors
down to 7.3% and 3.9%, respectively~see Table VIII!. SAOP
produces also a very small averageS24 error of only
20.05%.
Table VI compares the average static hyperpolarizab
tiesb ~2.6! of the molecules NH3, CO, H2O, and HF calcu-
lated with SAOP, BP–GRAC, LDA, and GGA with theab
initio ones obtained in Ref. 37 with the coupled clus
CCSD and CCSD~T! methods. Again, LDA produced over
estimated values with the averageubu error @with respect to
CCSD~T!# of 35% and BLYP increases further the error
41%. In this case, however, BP does not improve subs
tially upon LDA, the BPb values appear to be rather close
the LDA ones with the average error of 26%. Both SAOTABLE VI. Hyperpolarizabilityb i .
SAOP BP–GRAC BP BLYP LDA CCSD CCSD~T!
NH3 233.9 237.87 248.4 256.00 251.4 230.0 234.3
CO 22.18 21.90 28.83 31.8 30.5 23.00 23.5
H2O 217.3 218.2 222.2 225.0 224.6 216.2 218.0
HF 27.2 27.2 28.5 29.3 29.0 26.8 27.3
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DownFIG. 2. The experimentally observe
~Ref. 38! excited state levels are given
to the left. The levels correspond t
the Franck–Condon maximum in th
absorption. The calculated levels ac
cording to the various model Kohn–
Sham potentials are given in the othe
columns. The valence excited state
are indicated with drawn lines, and th
Rydberg states with broken lines. Th
many spurious Rydberg states occu
ring for the LDA and the BP potentials








































heand BP–GRAC improve substantially upon BP, with the a
erageubu error being reduced to 3% and 5%, respective
Thus, application of the SAOP and BP–GRAC potenti
bring the DFT hyperpolarizabilities rather close to those
tained with the most advancedab initio coupled cluster
methods. It should be cautioned, however, that at this p
the comparison is not definitive, errors in either t
CCSD~T! values~due to basis set deficiencies, for instanc!
or in the SAOP or BP–GRAC values may be as large as t
difference.
To sum up, SAOP, BP–GRAC, and BP produce polar
abilities a of the same good quality and they substantia
improve upon LDA and BLYP. However, SAOP and BP
GRAC perform definitely better than BP in calculation of t
S24 Cauchy coefficients and, especially, in calculation of
hyperpolarizabilitiesb. These trends will be rationalized i
the next section with the spectral analysis of the respo
properties of the N2 molecule.
IV. SPECTRAL ANALYSIS OF THE RESPONSE
PROPERTIES OF N2
A physically sound TDDFT approach should reprodu
not only total response quantities, such asa and S24 , but
also their spectral structure, i.e., the oscillator strenghtf i
and energiesv i of individual excitations, which determinea























Figure 2 compares the molecular state diagram produ
from the experimental data for the five lowest~below 15 eV!
dipole allowed excitations of the N2 molecule
38,39 with the
diagrams obtained with the SAOP, BP–GRAC, BP, and LD
potentials. The corresponding excitation energiesv i are pre-
sented in Table VII. There are also presented~in parentheses
below the experimentalv i values! as representative accura
ab initio values the excitation energies obtained recently w
the size-consistent self-consistent configuration interac
operator~SC!2CI applied to the complete active space sing
and double CI~CAS–SDCI!. We note that the experimenta
spectra exhibit strongly overlapping progressions of vibro
states, which sometimes are perturbed due to interac
Since we calculate vertical transitions we cite in the table
experimental transition energies to the vibrational states w
maximum intensity. These do not always stand out unam
gouously, and in view of the vibrational level splittings ran
ing from 0.1 to 0.25 eV we should take the ‘‘experimenta
benchmark levels to have an uncertainty of ca. 0.1 eV.
There are two1Su
1 states and three1Pu states. The as-
signment of the two1Su
1 states to 3sg→3su and 1pu
→1pg orbital transitions agrees with what has been infer
from experiment and the SAOP/BP–GRAC energies of th
excitations agree perfectly with the corresponding exp
mental andab initio values. The excitation to theb8 1Su
1
state has valence character (p→p* ), while the
c8 1Su
1(3sg→3su) state is usually referred to as the lowe
Rydberg state in N2 ~we indicate valence excited states
Fig. 2 with drawn lines, the Rydberg states with brok
lines!. This indicates that the 3su is not simply the expected
antibonding combination of 2ps AO’s on the N atoms~in
which case we would be dealing with a valence excitatio!.
Indeed, because of the short N–N distance the 2ps – 2ps is
extremely antibonding and very high lying, and we find t
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Downloaded 20 Mar 2011TABLE VII. The oscillator strengthsf , the corresponding excitation energyv and the assigned orbital trans
tion c i→ca for the 5 lowest experimental~expt.! excitations are compared with thef and v obtained with
SAOP, BP–GRAC, and LDA/GGA calculations for these excitations~see Sec. IV for discussion of assignmen!.
Below the experimental excitation energies a representative value from recent very accurateab ini io calcula-
tions is given; see text. Also, the contributionsf /v2, f /v4 to the polarizability and to the Cauchy coefficient a
reported for each excited state as well as their sum over these states.
SAOP BP–GRAC BP BLYP LDA Expt.
3sg→3su 98% 98% 100% 100% 100% c8 1Su1
v 12.93 13.01 10.35 10.20 10.46 ;12.9
~12.83!
f 0.219 0.216 0.003 0.004 0.003 0.279
f /v2 0.97 0.95 0.02 0.03 0.02 ;1.24
f /v4 4.31 4.14 0.13 0.22 0.13 ;5.76
3sg→2pu 99% 99% 100% 100% 100% b 1Pu
v 12.95 13.07 10.36 10.24 10.51 ;12.8
~12.86!
f 0.122 0.100 0.004 0.006 0.005 0.243
f /v2 0.54 0.44 0.03 0.02 0.04 ;1.10
f /v4 2.36 1.86 0.19 0.17 0.24 ;4.97
1pu→4sg 96% 59% 99% 100% 100% c 1Pu
v 13.19 13.35 11.49 11.22 11.75 ;13.2
~13.45!
f 0.189 0.374 0.013 0.033 0.019 0.145
f /v2 0.80 1.54 0.09 0.20 0.15 ;0.63
f /v4 3.42 6.44 0.48 1.16 0.84 ;2.47
2su→1pg 91% 55% 85% 75%~12%! 78%~10%! o 1Pu
v 13.58 13.49 13.36 13.21~ 3.11! 12.99~13.11! ;13.6
~13.52!
f 0.166 0.02 0.292 0.094~0.19! 0.094~0.20! 0.080
f /v2 0.67 0.08 1.21 0.40~ .82! 0.41~0.86! ;0.32
f /v4 1.70 0.34 5.02 1.70~3.54! 1.84~3.70! ;1.28
1pu→1pg 59% 58% 26% 26% 22% b8 1Su1
v 14.08 14.15 14.27 14.00 14.27 ;14.2
~14.33!
f 0.432 0.431 0.245 0.239 0.212 0.278
f /v2 1.61 1.59 0.90 0.90 0.77 ;1.03
f /v4 6.02 5.98 3.25 3.4 2.81 ;3.81
S f 1.13 1.14 0.557 0.376~0.566! 0.333~0.533! 1.025
S f /v2 4.60 4.61 2.25 1.55~2.37! 1.39~2.25! ;4.30

















softantibonding character! combination of notably atomic 4s and
4p character. This confirms the experimental assignmen
Rydberg character.
As for the three1Pu states we obtain almost perfe
agreement with experiment for both the SAOP and B
GRAC potentials when we assign the three calculated1Pu
states with 3sg→2pu , 1pu→4sg , and 2su→1pg charac-
ter to theb 1Pu , c
1Pu , ando
1Pu states, respectively. Th
SAOP/BP–GRACv i values are very close to theab initio
ones for the same type of excitation. This assignment wo
imply that the highest state of1Pu symmetry,o
1Pu , has
valence character (2su→1pg), while the other ones hav
Rydberg character. However, in the experimental work39 the
2su→1pg valence character has been ascribed to the low
state of 1Pu symmetry, theb
1Pu . This latter assignmen





in the sense, that SAOP and BP–GRAC as well as the c
~SC!2CAS–SDCI method and otherab initio methods40,41all
overestimate the energy of the valence 2su→1pg vertical
excitation by 0.7–0.8 eV. Furthermore, we have calcula
the potential curve for this excited state with SAOP a
found that it corresponds better to the curve fitted from
experimental data for theo 1Pu state in the sense that
gives similar high vibration frequency. It does not exhibit t
considerable softening of the curve that is typical for t
lowest excited state,b 1Pu . It is clear from our potential
energy curves that our lowest excitation energies at the v
ous bond distances would indeed correspond to a rather
vibration, as found in the experiment forb 1Pu . These low-
est excitations change character from 3sg→2pu to 1pu
→4sg , i.e., the calculated lowest1Pu state (b 1Pu) exhibits
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Downdetailed calculations of the potential curves of all involv
1Pu states with the proper non-Born–Oppenheimer tre
ment of their vibronic interaction are required to fully r
solve the issue of experimental assignment versus theore
calculations.
Comparing now to the BP and LDA calculations, w
note that these produce similar to each other and qua
tively incorrect excitation spectra. First of all, the consider
three Rydberg-type states~broken lines in Fig. 2! are shifted
downward by 2.2–2.8 eV in the BP and LDA diagrams co
pared to the experiment. Furthermore, as many as 25 o
Rydberg and mixed states~dotted lines in Fig. 2! are placed
by BP and LDA below 15 eV. The excitations with valen
character~2su→1pg and 1pu→1pg!, however, are not
shifted much in the LDA/GGA calculations and remain
good agreement with the experimental, SAOP and B
GRAC o 1Pu andb8
1Su
1 states.
The incorrect LDA/GGA spectra are, clearly, artefacts
the deficient LDA/GGA potentials, specifically, of their up
ward shift in the bulk region displayed in Fig. 1. This sh
does not influence valence excitations, since the participa
occupied and unoccupied valence orbitals, which are lo
ized in the bulk region, both experience approximately
same upward shift. However, in the outer region the diff
ence between the LDA/GGA and SAOP/BP–GRAC pote
tials is reduced, since all potentials approach~though in a
different way! the zero asymptotics. Because of this, t
LDA/GGA upward shift for Rydberg orbitals in the oute
region is substantially smaller, than that for valence orbit
in the bulk region. This causes an artificial stabilization
the Rydberg orbitals with respect to the valence ones, wh
produces the underestimated LDA/GGA energiesv i of the
Rydberg excitations~see Table VII! and, as a result, the in
correct LDA/GGA spectra with many Rydberg-type sta
below 15 eV presented in Fig. 2.
Besides the excitation energyv i , Table VII presents also
the oscillator strengthf i and the percentage of the main o
bital transitionc i→ca for each considered excited state, o
tained with the SAOP, BP–GRAC, BP, BLYP, and LDA p
tentials. In the case of the SAOP and BP–GRA
calculations, as well as for the experimental data, we
simply dealing with the five lowest excited states, but for t
LDA and GGA potentials we have to identify the appropria
excited states among the many spurious Rydberg state
almost all cases~with a caveat forb8 1Su
1 , see below! it was
possible for each of the potentials to unambiguously iden
the excited state with the main contribution from a giv
orbital transition. In the table are also presented individ
and overall contributions from the lowest excitations toa
andS24 .
We consider, first, the valence excitations 2u→1pg
and 1pu→1pg which are associated according to our a
signment with the two highest states,b8 1Su
1 and o 1Pu .
The excitation energies of SAOP are in excellent agreem
with experiment, as are the oscillator strengthsf i . We note
that the oscillator strengths are very difficult to calculate
high accuracy, being very sensitive to small changes in
bital composition of transitions, basis set, etc. Agreem




























satisfactory. The energies of BP–GRAC are also very go
but the 2su→1pg excitation being a bit low and the nex
lower 1pu→4sg excitation being a bit high leads to stron
mixing between these orbital excitations~almost 50/50!. As a
result the oscillator strength of the BP–GRAC 2su→1pg
(o 1Pu) is rather low and that of 1pu→4sg (c 1Pu) rather
high. The contributions from the 2su→1pg and 1pu
→4sg transitions to thef i partially cancel each other for th
former state and they add up for the latter state. Turning
the LDA/GGA calculations, we have already noted th
LDA, BP, and BLYP energiesv i are not very different from
the SAOP and BP–GRAC ones and accordingly also rep
duce the experimental excitation energies reasonably we
appears, however, that LDA/GGAs distort seriously the
bital structure of the TDDFT solution for these excitation
Indeed, although the contribution of the valence orbital tra
sition 1pu→1pg to the excitation associated with th
b8 1Su
1 state is the largest of all contributing orbital trans
tions, it is only ;25% according to LDA, BLYP, and BP
Many smaller contributions come from numerous Rydbe
type orbital transitionsc i→ca which, in turn, bring their
dominant contributions to the corresponding Rydberg-ty
states with have energies close to that of theb8 1Su
1 state
~see Fig. 2!. As for theo 1Pu state, although LDA and BLYP
still have the orbital transition 2su→1pg as dominant con-
tribution, they produce also an appreciable contribution
2su→1pg to another excitation with the energy 13.1 e
which is very close to the 12.99 eV they obtain for theo 1Pu
state. Thev i and f i values for this additional excitation ar
given in parentheses in the corresponding columns of Ta
VII. This situation, where a strong mixture of the valen
and Rydberg orbital transitions occurs because of the p
ence of a multitude of Rydberg excitations with energ
close to the valence excitations, as presented in Fig. 2, oc
for both the 1pu→1pg and the 2su→1pg excitations and
creates a serious problem for the proper interpretation of
LDA/GGA TDDFT spectrum. The latter is, clearly, an art
fact of the relative stabilization of the Rydberg-type orbita
in the deficient LDA/GGA potentials discussed above.
Note, that the SAOP TDDFT solution for the valenc
xcitations does not present such an interpretation prob
Indeed, with SAOP the excitation associated with theo 1Pu
state is produced predominantly~91%! with the assigned or-
bital transition 2su→1pg ~see Table VII!. In the other va-
lence excitation associated with theb8 1Su
1 state the as-
signed orbital transition 1pu→1pg is mixed with Rydberg
transitions according to both SAOP and BP–GRAC, b
these Rydberg orbital transitions are the predominant con
butions to Rydberg-type states, which are lying much hig
than theb8 1Su
1 state, so that this does not present a probl
for the assignment of the SAOP and BP–GRAC spectra.
We proceed our spectral analysis with the discussion
the lowest Rydberg-type excitations in Table VII. In this ca
for all potentials the assigned orbital transitions bring dom
nant contributions to the corresponding excitations, with
above-mentioned exception of the contribution of the 1pu
→4sg excitation to thec 1Pu state for BP–GRAC, where i
gets mixed with the valence 2su→1pg . However, there is a
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Downculated for these Rydberg excitations with the SAOP a
BP–GRAC potentials, on the one side, and with the LD
BLYP, and BP potentials, on the other side. LDA/GGAs pr
duce very lowf i , which are much smaller than the expe
mental values for all three Rydberg-type excitations of Ta
VII. SAOP and BP–GRAC produce much largerf i , in par-
ticular, for the lowest 3sg→3su excitation the SAOP/BP–
GRAC f i are 50–70 times as large and for the next 3sg
→2pu excitation they are 20–30 times as large as the LD
GGA f i . On the other hand, these SAOP/BP–GRACf i are
rather close to the experimental values.
The reason for these very differentf i values appears to
be the different size of the relevant Rydberg-type molecu
orbitals ~MOs! calculated with the SAOP/BP–GRAC an
with the LDA/GGA potentials. The analysis of these MOs
terms of the atomic orbitals~AOs! of the N atoms reveals
that, while the 3su , 2pu , and 4sg MOs calculated with
LDA/GGA consist, predominantly, of the 3s, 3p AOs, the
same MOs calculated with SAOP/BP–GRAC cons
mainly, of the substantially more diffuse 4s, 4p and higher
lying AOs. The resultant more diffuse SAOP/BP–GRA
3su , 2pu , and 4sg MOs yield larger orbital transition mo
mentsr ia
m 5^c i ur muca& ~r m is x, y or z! than those calculated
with LDA/GGAs. This difference is further amplified for th
oscillator strengthsf i , which include the squares ofr ia
m .
The physical reason for the different size of the Rydbe
type orbitals obtained with the SAOP/BP–GRAC and LD
GGA potentials is, again, the deficient form of the latter p
tentials, this time in the outer region. Indeed, as can
clearly seen from Fig. 1, the LDA/GGA potentials with the
fast decay differ appreciably from zero in a much more
stricted area than the SAOP and BP–GRAC potentials w
their correct Coulombic asymptotics. Because of this,
former potentials confine bound Rydberg MOs in the
stricted area, making them more localized, while the la
potentials support more diffuse Rydberg MOs. These m
diffuse MOs produce much larger SAOP/BP–GRAC oscil
tor strengthsf i , as was explained above.
The above-mentioned lowf i for the three Rydberg-type
excitations make partial LDA/GGA sums( i f i over our five
states in Table VII much smaller compared to the experim
tal ones. The sums calculated with LDA and BLYP are es
cially low, but if we add~in parentheses in the correspondi
columns of Table VII! the additional excitation with an ap
preciable contribution from the 2su→1pg orbital transition
~see the discussion above!, the LDA and BLYP sums becom
close to the BP one. The factors by which thef i , which are
in the numerators of~4.1! and ~4.2!, are too low are more
significant than the too large factors 1/v i
2 and 1/v i
4 due to the
smaller energiesv i in the denominators, thus producing lo
LDA/GGA partial a andS24 values, which are 2 to 3 time
smaller than the corresponding experimental values. In c
trast, the SAOP and BP–GRAC overall pictures for the lo
est dipole allowed excitations agree very well with the e
periment. SAOP and BP–GRAC yield practically the sa
partial f sums, which are close to the experimental estim
and, as was discussed above, they reproduce the experi
tal excitation energiesv i . As a result, the SAOP and BP

























other and to the experimental values~see Table VII!.
Interesting enough, the above-mentioned LDA/GGA u
derestimation of the contributions from the lowest exci
tions is more than compensated with overestimated contr
tions from higher excitations, the summation over which~to
obtaina andS24! is supposed to represent integration~i a
Stieltjes sense! over the underlying ionization continuum
Table VIII presents thef i andv i values calculated for exci
tations with energiesv i , which are higher than the N2 ion-
ization energyI p515.6 eV and lower than the threshold o
22 eV, and which have oscillator strengthsf i higher than 0.1.
Just as in Table VII, the LDA/GGA energiesv i of Table VIII
are consistently lower than the SAOP and BP–GRAC on
However, unlike in Table VII, the LDA/GGA oscillator
strengthsf i for the excitations in Table VIII appear to b
systematically larger than the SAOP/BP–GRAC ones. T
latter trend can be understood qualitatively from the sum r
~4.3!, which requires the sum overf i to be the constantN,
the total number of electrons. Then, underestimation of
partial sum( i f i over the lowest excitations in Table VI
must be compensated with a corresponding overestima
for higher excitations, which can be seen from Table VIII.
this latter case, the LDA/GGA underestimation ofv i and
overestimation off i work in the same direction, so that th
LDA/GGA partial a and S24 values for the ‘‘continuum’’
states are substantially larger than the SAOP/BP–GR
ones~see Table VIII!.
Thus, BP as well as LDA and BLYP substantially unde
estimate contributions toa andS24 from the Rydberg-state
excitations and they overestimate those from the ‘‘co
tinuum’’ states. Contrary to this, SAOP and BP–GRAC yie
a more balanced ‘‘excitation structure’’ ofa andS24 , which
is remarkably similar for both methods and which agre
well with the experimental data for the lowest excitation
Due to the partial compensation of the above-mention
LDA/GGA errors of opposite signs, the total LDA/GGA po
larizabilities for N2 are in better agreement with experime
than the corresponding partial sums over the lowest exc
tions ~compare Tables III and VII!. An especially lucky error
compensation occurs for BP witha512.06 a.u., which is not
much larger than the experimental valuea511.74 a.u.,
though the SAOP a511.82 a.u. and BP–GRACa
511.78 a.u. still have smaller errors. Then, bearing in m
that BP underestimates the higher excitation energiesv i and
that theS24 sum ~4.2! has the additionalv i
2 factor in the
denominator compared to thea sum ~4.1!, one can expect a
larger BP overestimation for theS24 Cauchy coefficient. In-
deed, as follows from Table V, the BP valueS24
532.99 a.u. is appreciably larger than the experimen
S24530.11 a.u., while the SAOPS24530.48 a.u. and the
BP–GRACS24530.20 a.u. are close to the experiment.
The spectral analysis of the polarizabilitya and theS24
Cauchy coefficient of N2 performed in this section shows
that LDA and GGAs all produce a distorted picture of t
contributions toa and S24 from individual excitations. In
contrast, SAOP and BP–GRAC both yield a qualitative
correct structure ofa and S24 . General conclusions from
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Downloaded 20 Mar 2011TABLE VIII. Oscillator strengthf and excitation energyv calculated for the excitations which have energi
higher than the N2 ionization potential and lower than 22 eV and oscillator strengths larger than 0.1.
contributionsf /v2, f /v4 to the polarizability and to the Cauchy coefficient are reported, as well as their s
over these states.
SAOP BP–GRAC BP BLYP LDA
1pu→2dg 96% 94% 94% 87% 87%
v 17.06 17.16 14.59 14.20 14.73
f 0.113 0.140 0.16 0.20 0.154
f /v2 0.28 0.35 0.56 0.76 0.52
f /v4 0.72 0.88 1.94 2.76 1.80
3sg→8su 100% 100% 99% 99% 99%
v 17.64 17.58 15.20 14.85 15.19
f 0.142 0.132 0.167 0.148 0.160
f /v2 0.34 0.32 0.54 0.50 0.51
f /v4 0.81 0.75 1.72 1.66 1.65
1pu→11sg 96% 97% 99% 99% 99%
v 20.36 20.44 18.69 18.33 18.78
f 0.100 0.109 0.174 0.160 0.160
f /v2 0.18 0.19 0.36 0.36 0.34
f /v4 0.32 0.34 0.78 0.80 0.70
1pu→4dg 91% 80% 94% 95% 94%
v 21.54 21.65 20.55 20.13 20.55
f 0.704 0.600 0.84 0.82 0.80
f /v2 1.12 0.94 1.48 1.50 1.42
f /v4 1.80 1.50 2.60 2.76 2.48
S f 1.059 0.981 1.341 1.328 1.274
S f /v2 1.92 1.90 2.94 3.12 2.79















































It has often been observed that in particular excitatio
to Rydberg states are affected by the shape corrections t
LDA and GGA xc potentials, while valence excitations a
believed to be represented reasonably well by LDA and G
calculations. In this paper the performance of the appro
mate SAOP7 and BP-GRAC8 xc potentials has been assess
in molecular TDDFT calculations of the static average pol
izability a, and its frequency dispersion in the form of th
S24 Cauchy coefficient, and the static average hyperpola
ability b. The results have been compared with those
tained with the standard LDA and some GGA~BP and
BLYP! potentials, and the performance of these potent
has been more closely examined by explicitly consider
the spectral structure ofa andS24 .
Due to their correct form, the SAOP and BP–GRA
potentials reproduce well the characteristics of the molec
excitation spectra, such as individual excitation energiesv i
and oscillator strengthsf i . In contrast, standard LDA an
GGA potentials produce a distorted spectral structure oa
and S24 . They tend to underestimate the energiesv i and
they also appear to underestimate the oscillator strengthf i
of excitations to bound Rydberg-type states and overestim
those for excitations to the ‘‘continuum’’ states. As a resu
LDA and GGAs tend to underestimate contributions toa and
S24 from Rydberg-type states and to overestimate th
from the continuum, so that these errors of opposite si
partially compensate each other.
















related to the deficient form of the corresponding potent
in both bulk and outer regions. In particular, artificial stab
lization ~low energiesv i! of the Rydberg-type states is due
the upward shift of the LDA/GGA potentials in the bul
region. In turn, artificial localization of bound Rydberg-typ
states, which results in low oscillator strengthsf i , is due to
the fast decay of the LDA/GGA potentials in the outer r
gion, which makes the LDA/GGA potential well conside
ably more narrow than the asymptotically corrected SA
and BP–GRAC potentials, see Fig. 1. The distortions cre
a serious problem for the assignment of the LDA/GG
TDDFT spectra. The SAOP and BP–GRAC potentia
which are free from the above-mentioned deficiencies, p
duce a balanced spectral structure of the molecular resp
quantities.
Both SAOP and BP–GRAC yield high quality molecul
polarizabilitiesa, Cauchy coefficientsS24 , and hyperpolar-
izabilities b for the considered molecules. The SAOP a
BP–GRAC average errors for these properties are only a
percent and they improve substantially upon LDA and BLY
Due to somewhat reduced errors from individual excitatio
and their lucky cancellation, BP also reproduces well
polarizabilities. However, the distorted BP spectral struct
of the response properties manifests itself in a worsen
quality of the BP Cauchy coefficients and hyperpolarizab
ties.
Further refinement of the SAOP and BP–GRAC pote
tials can further enhance the quality of the TDDFT resu
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Downing separately to the xc hole and ‘‘response’’42 parts of a
model xc potential. Within the GRAC procedure, one c
use, instead of the BP potential, the derivative of
exchange-correlation energy functional with paramet
which would be directly fitted to reproduce molecular r
sponse properties calculated with the resultant GRAC po
tial. Further improvement of the TDDFT results might al
require ~especially for larger, more polarizable molecule!
refinement of the xc kernel beyond the ALDAf xc employed
in the present paper.
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